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ABSTRACT

The Tadpole graph T, is a Lollipop type graph obtained by joining a one vertex of cycle graph
C, to the end vertex of a path graph P,. The normalized cut is a measure of disassociation
between two groups which computes the cut cost as a fraction of the total edge connections to all
the vertices in the graph. This research focuses on deriving a formula to find the minimum
normalized cut value of Tadpole graphs.
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1. INTRODUCTION

A graph is a mathematical structure & = (¥, E) which consist of two finite sets namely
V, the set of vertices (nodes or points) and E, the set of 2-element subsets of V', known as
edges (arcs or lines). The Tadpole graph T, is similar to a Lollipop type graph, which is
constructed by joining an end point of a path graph Py to one vertex of the cycle graph C,
by a graph bridge. Tadpole graphs have been studied by several researchers for different
aspects. Degree-based connectivity indices such as hyper Zagreb and Randic index of
Tadpole graph has been studied by Kavitha et.al [4]. Laceability properties associated
with Tadpole graphs have been studied in [5]. Equitable coloring of central, middle, total
and line graphs of Tadpole graphs are discussed in [6]. Fibonacci number of the Tadpole
graph through algebraic and combinatorics method was discussed in [7]. Domination
number of Tadpole graph was studied in [8]. Sirinivasa et.al studied the characteristics
of a typical Tadpole graph and its line graph by applying graph colouring and linear

algebra methods [9]. In the real world, many practical applications of graph theory can be
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found in various fields. For an example, graph theory plays an important role in
representing networks of communication, data organization, computational devices, the
flow of computation, etc. In some circumstances, the computers in a computer network
are connected in a structure like Tadpole graphs. So, failure of one or several structures
will inactivate the whole system and the effect of removing a path from a network can be
studied by removing edges from the graph. Therefore, the studying of minimum
normalized cut value of Tadpole graphs is important. In 2013, Perera et.al derived a
formular for the minimum normalized cut value of Lollipop graphs [1]. In the literature,
there were no such formulas derived for the normalized cut of Tadpole graphs. The
novelty of this research is deriving a formula for the minimum normalized cut of the

Tadpole graphs by varying the path length and the cycle length.

A graph G = (V,E) can be partitioned into two disjoint sets, A,B suchthat A U B = V,

and A n B = @, by simply removing the edges connecting the two parts. The degree of
dissimilarity between these two components can be computed as total weight of the

edges that have been removed, which is called a cut. The cut value is defined by
Cut{A,B) = ¥ucaves wlu, v),

where w{wu, v) denotes the weight of the edge (u, v).

In 1993, Wu and Leahy introduced a new clustering method based on a minimum cut
criterion [3]. To avoid the unnatural bias for partitioning out small sets of points in their
method, in 2000, Shi and Malik proposed a novel global criterion, called the normalized
cut (Ncut), for segmenting the graph assuming image segmentation as a graph
partitioning problem [2]. The normalized cut criterion measures both the total
dissimilarity between the different groups as well as the total similarity within the
groups. It is defined as

Cut(A, B) Cut(A, B)
assoc(A,V)  assoc(B,V)’

Neut(A, B) =

where assocl{4,V) =3 ,ca.evw(w,v) is the total connections from vertices in A to all

other vertices in the graph and assoc(B,V) can be similarly defined.
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Throughout this paper, we assumed that graphs are unweighted and undirected. All the
simulations required to satisfy our objectives were implemented by using the MATLAB

software.

2. MATERIAL AND METHODS

Considering the following two cases, we will define the normalized cut value of a

Tadpole graph.

Case 1: Consider a cut through the path as given in the Figure 1.

Cut

S

Ci o= 52 |,
l,, :
' *—0—0—--—010---9
1 Pl 27) P2 Pi 1 Piet Pk
1
Cif. = Cn I

Figure 1: Tadpole graph in which the cut is done on the path graph
By using the definition of normalized cut value, we can write

1 1

k—Itl i+l

Necut =

¥

where I € Z¥ is the number of edges from the vertex C; to the cut edge of the path graph

including the cut edge.

Case I1: Consider a cut through the cycle as in the Figure 2.

Figure 2: Tadpole graph in which the cut is done on the cycle graph
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where ] € Z7 is the number of vertices of the cycle graph in the left side of the cut as in
the Figure 1.2. To determine the minimum value of normalized cut, we must identify the
suitable cut point. We will derive the formula to identify the cut points of the graph and

express it as Theorem 1 given below.

Theorem 1: Let T,,,. be a Tadpole graph, where n = 3 and & = 2. Then the following

formulae can be identified for the cut point I, cut is done on path and cut point ], the cut

is done on cycle.
Casel: Fork<n+2

(). I=1forn<10

2 10 =n < 16
(i). Forl0=n=25 when k =12,3 16 =n <22
2,34 :22=n< 26
”fk n,k — both odd or even
I=1 Str-1

- : n— even and k —odd orn — odd and k — even,

For all k& values except the values mentioned above, I = 1.

Casell: k =n+2

k—n

1, k — both are odd or both are even

k:(n—l}

el

I =
n—evenand k —oddorn — odd and &k — even

_ k+n

J==

Proof 1: Let (i) be the Ncut value, when the cut is done on the path graph at I = i.
Then

1 1

k—i+l n+i

fli) =

Let g(j) be the Ncut value, when the cut is done on the cycle graph at ] = j. Then

Q{j} - E + ktn—j+l

k—J:'-+1 + ”1: Stationary points can be obtained by 7' (i) = 0.

Consider (i) =
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(n+i)®=(k—i+1)®

- - =0.
(k—i+1)2(n+il®

Accordingly, f'(i) =

Since max(r) = k, ¢ = k+1,and (k —1+ 1)2(n+1)? > 0. Therefore, i = =",

k—in—1)

When i <

] ) C kn o
=== we will consider i == (i €.

pfR-ny  —lelntkil) 7 = -
f ( 2 ) = Gernt e~ 0 (k=22m=3)

va | &

k—in—1
for i > X222 Then we have

Now consider i =

r (kY _ lelntk+1)(n—1) -
f ( ) = et 0 k=2n= 3)

k—+z—l} and (i) = 0 when i > —

k—({n—1)

Since f'(i) <0 wheni< , f(i) is minimum at

) k—in—1)
l=——.

-

Therefore, when the cut is done on the path graph, minimum Ncut value can be obtained

k—({n—1
ati ==Y

Similarly, we can find the stationary points of g{j) by g'(j) = 0.

2+~ +n—j+1"] 0
(k+n—j+1)2(j+12

Accordingly, g'(j) =

Since max(j) =n—1, jek+n+1, and (k+n—j+1)2(j+1)2=0. Therefore
;_ kAn

-

3 k+n S _k LA —32n(k4+ntd) . .
Whenj <— takej=_.g () = rmoe: =0 (= 3k = 2).

When j =55 take j = 22 4 1,
; (ktm _ B[lk+ntdP-(ktn)®]  Bd(k+nt2) ) .
Then g ( 2 T l) N TS T e R e g 0 (nz3k=2).

k+n

-

k+n

-

k+n

-t

Since g'{j) < 0 whenj < and g'(j) = 0 whenj =—, g(j)is minimumatj =

Therefore, when the cut is done on the cycle graph, minimum Ncut value can be obtained

- k+
atj =—.
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Next, we have to find i and j such that i, € Z. f{i) isminimumati = L!_“

Since n and k& may be odd or even, we need to consider the following two cases in order
to approximate the value of i to an integer.
Case (a): When n is even and & is odd or n is odd and k is even.

. . k—(n—1
In this case, i can select as, i = L EL

Case (b): When both n and & are even or both are odd.

k—in—1)

Theni = EZ.
. k- 2 k=i J.
Now, i = == and ¢ = 222 are the nearest integers to ==
. .. . . k- k—in—-2 -
Since the value of f(i) is same at i=-— and a‘=+j . In this case, we select
. k— — . o .. . k+n
i =-—_ Similarly, since g(;) is minimum at j =-—, we will consider the following

two cases to approximate the value of j to the nearest integer.

Case (c): When n is even and k is odd or n is odd and k is even.

.  ntk
In this case, j = — & Z.

Therefore, we consider j = Hﬂ andj = = , as they are the nearest integers to—
Since the value of g(j) is same as at j = L and j = 22 we will select j =22
Case (d): When both n and k are even or both are odd, j = ﬂ (=l

Now we can give the proof for the main theorem using the best cut points obtained above
as mentioned in case(a) to case (d). We will revisit the formula derived for the minimum

Ncut value, and give the proof for the main Theorem 1.

Casel:k =n + 2

Sub-case (1): When both n, k are odd or both are even

-,

(case (b))
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=2 (= +2) impliesi = 1

ntk

=" (case(d)

. . g : 1 1 ntk+l _ g 2 2 B
In this case, min, {f(i)} = f(1) = St = et min{g(j)} = o] + T

The two values min;{f{i)} and min;{g(j)} are depending on n and k. Therefore, we

consider following special cases under case (i).
Case (i):n = 10,k = 2

n+3 _ - 8
= m; ﬂllﬂj{eﬂi]} =—

n+4
( 9)3 g7
n—-| —=—
2 a

2(n+ ]_.}{:Tl +4)

(1) —min{g(} = =0 VYn=10

Therefore, (1) = min;{g(j)}. In this case minimum Ncut can be obtained when the cut

n

isdoneat;j = fk, (Wn=10k =2). For¥n < 10,k = 2, the minimum Ncut is obtained

when the cutisdone at i = 1.

Case (ii):n = 16,k = 3

n+4 _ . 8
=— min{g(j)} = ——=

( 15)3 241
n—=—| —
2 4

3(n+ _l)'[:*.rl +5)

(1) —min{g(j)} = =0, Vn=16k=3
Therefore, (1) = min;{g(j)}. In this case the minimum Ncut can be obtained when the

cut is done at j=ﬂ, (Yn=16,k=3). For ¥n < 16,k =3, the minimum Ncut is

-

obtained when the cut is done at i = 1.
Case (iii):n = 22,k = 4

n+5 8

= m; ﬂllﬂj{eﬂi]} = S
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2172 449
n-3) %
4n+1)(n+6)

(1) —min{g(j)} = =0, Vn=22k=4

Therefore, (1) = min{g(7)}. In this case, the minimum Ncut can be obtained when the

cut is done at j=¥; (Vn=22,k=4). For ¥n <22, k=4, the minimum Ncut is

obtained when the cut is done at i = 1.
Case (iv): n = 27

For this case, we obtain the sequence of n values corresponding to the different & values
as: 27, 33, 39, 45, 51, 57, 62, 68, 74, 80,.... Using a computer simulation, we will
summarize the n and & values used to obtain the minimum normalized cut as given in the
Table 1. According to the results of the proof, for a given n and k value, the minimum

normalized cut is equal to (1) or minj{g(j)}.

Minimum Ncut Value

k—value | mini{g(j)} f(1)

2 n>10 n<10

n>16 n<16
4 n>22 n<22
5 n>27 n<27
6 n=>33 n<33
7 n=>39 n<39

25 n> 144 n < 144

26 n>150 n <150

27 n>156 n <156

Table 1: Criteria to achieve minimum Ncut value of Tadpole graphs for k <n +2

Subcase (11): When n is even and k is odd or n is odd and K is even

In this case, the proof is similar when both n and k are odd or both are even (sub-case(l)).
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Case(I):k = n + 2

_k—(-1)
YT
n+2)—(n—-1
1}{?1 }2{'?1 ) JSince k=>n+2

3 .
1}5:”'22 (i €T

Subcase (1): When n is even and k is odd or n is odd and k is even

- k-(n-1)

. n+k-1
i > , =

g 2
1 + 1 2 2
i+1 n+i j+1 k+n—j+1

E L

min{f(i)} — min;{g(j)} = K —

-4
T k4n+3

<0; (nz3,k=5)

Therefore min, {f(i)} < min;{g(7)}

Hence, the Ncut value is minimum, when the cut is done at i = k_':f_l}, Wk =n+ 2.
Subcase (11): When both n and k are even or both are odd.
_k-—n __ n+tk
Tt 1T
1 1 2 2

ming{f(i)} — min;{g()} k—i+1 n+i j+1 k+n—j+1

—4(kt+n—1)
e Sl . > >
(k+n)(k+nt2) <03 ( n>3 J k = 5)

Therefore, min; {f(i)} < min;{g(/)}.

Hence, the Ncut value is minimum when the cut is done at ; — k—n

Then the proof of the formulae which were derived to obtain the place where the cut
should be done on the Tadpole graph in order to obtain the minimum normalized cut
value is completed. Using the normalized cut value (Ncut) equations, in (1) and (2), the

exact Ncut values can be obtained.
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3. RESULTS AND DISCUSSION

In this study, we have derived formulae given in the Theorem 1 for computing the
minimum normalized cut value of Tadpole graphs with n < 25 satisfying the condition n
<k + 2. Some of the results have been verified from the simulations as listed in the Table
1. It is remained for the future to study the minimum Ncut value of Tadpole graphs with

n > 25 with the condition n <k + 2.

CONCLUSION

This research focused on finding the minimum normalized cut value of Tadpole graphs.
According to the literature survey, there were no formulae for minimum normalized cut
value of Tadpole graphs. Considering several cases and simulation results, we have
derived formulae for finding the cut points which caused to minimize the normalized cut
value of all Tadpole graphs with k > n + 2 and the Tadpole graphs withk<n+2and n <
25, where n is the number of vertices of the cycle graph and k is the number of vertices of
the path graph.

REFERENCES

[1] Perera, K. K. K. R. and Mizoguchi, Y. (2013), Bipartition of graphs based on the
normalized cut and spectral methods, part i: Minimum normalized cut. Journal of Math
for industry, 5(A-8):59-72.

[2] Shi, J. and Malik, J. (2000), Normalized cuts and image segmentation. IEEE
Transactions on pattern analysis and machine intelligence, 22(8):888—905.

[3] Wu, Z. and Leahy, R. (1993), An optimal graph theoretic approach to data clustering:
Theory and its application to image segmentation. IEEE transactions on pattern analysis
and machine intelligence, 15(11):1101-1113.

[4] Kavitha, B.N., Srinivasa Rao, K., and Nagabhushana, C.S. (2019), Some Degree
based Connectivity Indices of Tadpole Graph. International Journal of Recent
Technology and Engineering (IJRTE), 8 (2S6): 497-501.

[5] Annapoorna, M.S., Murali, R., and Manjunath, G. (2021), Tadpole graphs and
theirlaceability. International Journal of Innovative Engineering and Management
Research, 10(04):127-131.

38



P. D. S. Senewirathna, K. K. K. R. Perera

[6] Praveena, K., and Venkatachalam, M. (2019), On equitable chromatic number of
Tadpole graph T_{m,n}, Communications 68(2):1638-1646.

[7] Demalo, J., and Jacobson, J. (2014), Fibonacci Number of the Tadpole Graph.
Electronic Journal of Graph Theory and applications, 2(2):129-138.

[8] Khalil, A. A., and Khalil, O.A. (2010), Determination and Testing the Domination
Numbers of Tadpole Graph, Book Graph and Stacked Book Graph Using MATLAB.
College of Basic Education Research Journal 10(01): 491-504.

[9] Sirinivasa, G., and Sujitha, S. (2019), Study on Characteristics of a Tadpole Graph.
Journal of Advanced Research Dynamical and Control Systems. 11(06): 857-860.

39


https://www.researchgate.net/journal/Communications-1303-5991

